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The inclusion relations for classes of quasi-analytic functions introduced by S. N. 
Bernstein are studied. A criterion for determining when such a class is a subset of 
another is established. This is accomplished with the aid of a counting function 
associated with the class. 
In an appendix to his famous book on the approximation of functions [ l] 
S. N. Bernstein introduced certain new classes of quasi-analytic functions 
and gave a new proof of the Denjoy-Carleman theorem. The relations 
between these classes are studied in this article. 
Let I be a closed interval of the real axis and C(Z) the Banach space of 
continuous real-valued functions on I with the usual norm: 
For any function f(x) in C(Z) let E,(f) be the distance from f to the 
subspace consisting of all polynomials of degree at most n. Evidently 
(E,(f)} is a monotone non-increasing sequence of non-negative numbers and 
the Weierstrass theorem guarantees that this sequence converges to 0. A 
remarkable result of S. N. Bernstein provides a converse result: if (a,} is a 
monotone non-increasing sequence of non-negative numbers converging to 0, 
then there exists a functionf(x) in C(Z) such that E,(f) = a, for all n. (See, 
for example, [2, Sect. 2.51.) 
The classes introduced by Bernstein are defined as follows. Let /1 be a 
* This paper is based on notes written by Dr. Crick, of the University of Pittsburgh. After 
the very untimely death of Dr. Crick (April 16, 1979) these notes were shaped into tbc 
present form by J. Burbea (University of Pittsburgh) and W. F. Donoghue (UniversiV of 
California at Irvine). Dr. Crick was of age 32 when he died. 
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monotone increasing infinite sequence of positive integers: then C,,(f) 
consists of all continuous functions on I such that there exists a positive M 
and a number p in the interval (0. 1) so that 
E,U-),< MP” for all n in ft. 
It is easy to see that there is no loss of generality if we make the convention 
that every sequence /1 in question contains the integer 1. The family of all 
such sequences will be denoted by 9. For n E 9, it is clear that C,,(I) is a 
linear space. Bernstein [l, p. 1631 established that membership in C,,,(Z) is a 
local property, viz., that if a continuous functionf(x) belongs to both C,,(Z) 
and C,(J), where I and .I are overlapping intervals, then f is a member of 
C,,,(ZUJ). However, we shall not need this fact in the sequel. The classes 
C,,(I) are quasi-analytic in the sense that a function f(x) in the class is 
uniquely determined by its values on any subinterval J of I. This is 
somewhat different from the usual Denjoy-Carleman classes of quasi- 
analytic functions since those classes consist of infinitely differentiable 
functions, while functions in C,,(I) need not be infinitely differentiable, and 
in fact, as Bernstein remarks, may not be differentiable at all. 
The class C,(I) is of course completely determined by the specification of 
the sequence /1 E ..ic although it is obvious that two different sequences may 
give rise to the same class. In this direction, Bernstein [ 1, p. 1631 stated, 
without proof, the following result: Let /i, n * E Y; then C,,,(I) = C,,.(Z) if 
and only if there exists a constant M > 1 such that for any n E d there exists 
an n*En* so that 
As we shall see below, this result will follow as a corollary from our 
theorem. 
We seek a criterion to determine when one such class is a subset of 
another. For this purpose it is convenient to introduce a “counting function” 
associated with a sequence /1 E 9. This function is defined for x > 1 by the 
formula 
Evidently /i(u) < x with equality only when x is an integer in the sequence 
11. With this notation we have another, more convenient, way to state that a 
functionf(x) is a member of C,,(Z): this will be the case if and only if there 
exists a positive M and a number p in the interval (0, 1) such that 
k:nf) < M; 4(n) for all positive integers n. 
W* can now state our result: 
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THEOREM. Let A and A* be two sequences in Y and A(x) and A *(x) 
the corresponding counting functions. The class C,(Z) is a subset of C,.(Z) if 
and only if there exists a positive constant K so that A*(x) ,< K/i(x) for all 
sufficiently large x. 
Proof: Suppose, first, that f (x) is in C,,(Z) and that A *(x) < K/i(x) for 
some suitable K and all sufficiently large x. Then for all sufficiently large 
integers n 
E,(f)<Mp*'"' < Mp;““‘, where p, =p’lK. 
It follows that f  is in C,,.(Z), as desired. 
On the other hand, if the class C,(Z) is a subset of C,4.(Z) we set 
a, = ( 1/2)A’“’ and invoke the theorem of Bernstein mentioned above to infer 
the existence of a continuous function f(x) on Z for which 
E,(f)=a,= (W ‘(‘) for all positive integers n. This function is evidently 
in C,,(Z), since we have only to take it4 = 1 and p = f in the definition of that 
class. Accordingly, by hypothesis, f  is in C,,.(Z). This means that there exists 
a positive M and a number p in the interval (0, 1) so that 
E,(f) = (l/2)*‘“’ < Mp,“(n) for all positive integers n. 
If follows that 
A(n)log(1/2)<logM+A*(n)logp 
and therefore 
A *(n) ,< A(n) 
log 2 log M 
log( l/P) + h( l/P) ’ 
Since the function A(x) is unbounded, we will have A(x) > log M/log( l/p) 
for large enough x and therefore, for all sufficiently large positive integers, 
~1 *(n) < K/1(n). where K = 
log 2 
WllP) 
+ 1. 
It is then easy to see that the same inequality holds for all sufftciently large 
x. This completes the proof. 
Of course the inequality A*(x) <K/i(x) for sufficiently large x is 
equivalent to the same inequality, perhaps with a larger K, for all x > 1. It is 
also clear that we have the following result. 
COROLLARY. Two classes C,,(Z) and C,,.(Z) are the same if and onb if 
there exists a constant M>, 1 so that 
A * (x) 
----GM 
A C-v) 
for all x> 1. 
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Note that this is precisely the aformentioned equivalence condition of 
Bernstein. 
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